Periodic existentially closed nilpotent groups  by Saracino, Dan & Wood, Carol
JOURNAL OF ALGEBRA 58, 189-207 (1979) 
Periodic Existentially Closed Nilpotent Groups 
DAN SARACINO* 
Department of Mathematics, Colgate University, Hamilton, New York I3346 
AND 
CAROL WOOD+ 
Department of Mathematics, Wesleyan University, Middletown, Connecticut 06457 
Communicated by Walter Feit 
Received June 14, 1978 
1. INTRODUCTION AZID PRELIMINARIES 
In [5] the first author proved the following: 
THEOREM 1.1 (Saracino). A jinitely generic nilpotent class 2 group is periodic. 
He also obtained subsequent results about existentially closed (e.c.) and 
finitely generic models for the class of torsion-free nilpotent class 2 groups (see 
Saracino [6] and also Baumslag and Levin [I]). 
Motivated by 1.1, our investigation focuses on periodic e.c. nilpotent class 2 
groups. Specifically, we consider periodic e.c. models of 
T r: axioms for groups u (\dx V~ Vz([[x, y], z] = I)}, 
the theory of nilpotent class 2 groups, 
and e.c. models of 
T”’ = T u @x(x”’ = 1 )), the theory of nilpotent class 2 groups 
of exponent m. 
One of our principal results is a converse to 1.1, namely that any periodic e.c. 
model of T is finitely generic. A related result is that there is, up to isomorphism, 
only one countable finitely generic model of T. For the case of bounded exponent, 
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we show that T” has an No-categorical model companion. In both cases, we give 
explicit presentations for the countable finitely generic models. 
Our understanding of the nonperiodic e.c. models of T is much less complete. 
However, we do give a criterion for when the torsion subgroup of an e.c. group is 
itself e.c., and show that any periodic model can be extended to a finitely generic 
one. In the final section, we observe that, both for T and for T”, the class of 
algebraically closed (a.c.) models is strictly larger than the class of e.c. models; 
this is in contrast to the torsion-free case, where every nontrivial a.c. model is 
e.c. ([6]). 
We have attempted to discuss the bounded and unbounded cases (T” and 
T) simultaneously, and this has influenced the organization of our results. In 
particular, some technical problems in the case 2’” 1 m, k >, 2, have led us to 
anticipate in Section 2 the results of Section 3. 
For the convenience of the reader, we recall some simple facts about nilpotent 
class 2 groups which we shall use without further comment. A good reference for 
these facts is [7]. 
First, if G /= T and x, y E G, then for any positive integer n we have [x, y]” = 
[x~, y] = [x, y”]. (As usual, [x, y] denotes the commutator of x and y, i.e., the 
element x-iy-lxy.) It follows easily that in a model of T, elements of relatively 
prime order commute. A related fact, which makes periodic models compara- 
tively easy to work with, is that any periodic model of T is the direct product of 
its p-parts. This fact enables us to capitalize on the nice structure of the p-parts 
of countable periodic e.c. models. 
We shall frequently wish to amalgamate two models of T. This can always be 
done if the intended amalgam is central in both of the given groups, by the 
following special case of an observation 01 B. H. Neumann: 
THEOREM 1.2 (B. H. Neumann [4]). Let G, H be nilpotent class 2 groups, 
and let f : A + B be an isomorphism between subgroups A and B of the centers of G 
and H, respectively. Then there exists K (nilpotent class 2) and embeddings q+ , ‘pz of 
G, H into K such that yl(a) = y, 0 f(a) for all a E A. 
Proof. In G x H, consider the normal subgroup N = {(a-l, f(u)) j a E A}. 
Let K = (G x H)/N, and let y, , ~a be the natural embeddings of G and H 
into K. 
Notation. To unify our notation, we will sometimes write Tm for T. Let 
8, (m < cc) denote the class of e.c. models of Tm. Thus GE c?~ iff G contains 
solutions to any finite system of equations and inequations (involving elements 
of G) which has a solution in some H 1 G such that H /= T”. The class of 
finitely generic models of Tm is denoted by sm, so that Fm S: 8, . For general 
background on e.c. and finitely generic models, see [2]. 
We assume throughout that every group mentioned is nilpotent class 2, i.e. 
a model of T. Given a group G, we denote its center by Z(G), or simply Z, and 
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its commutator subgroup by G’. For any a E G we denote the coset aG’ of a in 
G/G’ by a*. By exp(G) we mean the exponent of G, which may be co. 
We adopt the convention that k / cc for every positive integer k. The letter p 
always denotes a prime integer. 
2. RESULT ABOUT CENTERS 
Our main objective in this paper is to study periodic groups in 8, , m < 00. 
Since these groups decompose naturally into direct sums of their p-parts, we 
will concentrate on these p-parts, and-in this section-on their centers. Along 
the way we shall establish some results which will help us build isomorphisms 
in Section 3. 
The first lemma enables us to find extensions of models of T which contain 
elements with desired properties. 
DEFINITION. Let G be ap-group and let a, ,..., a, E G. The set {a, ,..., an} is 
indepedent (mod G’) if 
(a:,..., a,*) = & (a:). 
i=l 
{a, ,..., an} is basic (mod G’) if, in addition, 
(4,..., a:) is pure in G/G-or, equivalently, is a summand of G/G’. 
(By abuse of notation we write a, ,..., a, instead of {al ,..., an}.) 
LEMMA 2.1. Let G be a p-group and let a, ,..., a,, be basic, G/G’ = 
H @ (at,..., a$>. 
(1) Each g E G can be written 
g = g’h fi a? 
( 1 
, where g’ E G’, h* E H, 0 < yi < ~(a,*), 
i-l 
and where the yi are uniquely determined by g. 
(2) Given z, ,..., z,, E G’ with o(zJ < o(aT), there is an automorphism q~ of 
G over G’ given by v(g) = g lJ 22, where the ri are as in (1) above. The order of 9 
is m~l~i~n(O(~i>). 
Proof. (1) is immediate. For (2) one must check that the v so defined is a 
homomorphism. Let g, , g, E G, and write g, = gihj I$=, a??$, j = 1, 2, as 
in (1). 
481/58/I-13 
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Then g,g, = g;h, jJ a~lgshs n ~22 = g;gig’h,h, n CZ~’ for some g’ E G’, where 
r; = ri, + ri, ) if ril + riz < o(ut) 
= ri, + riz - ~(a:), otherwise. 
Thus p(g,g,) = g,g, n ~2’. Now 
Since o(zi) < o(u:) and r: = ril + ri, mod ~(a$), we have I-J z;’ = n z:(~+~‘z, 
hence ‘p(g,g,) = v(gr) v(gs). Also, v”(g) = g(n @)“, so if o(zJ 1 71 for each i we 
have vn(g) = g. 
We will use Lemma 2.1 to solve what we call “commutator problems”. For 
periodic groups, existential completeness boils down to the satisfaction of some 
conditions on the center plus the ability to solve certain commutator problems. 
For the case of bounded exponent equal to a power of 2, we also need commutator 
problem techniques in describing the center. 
DEFINITIONS. 1. A commutator problem (c.P.) B = {a; z; Y} over a p-group G 
consists of the following data: 
(i) two positive integers n and r 
(ii) an n-tuple a = (aI ,..., a,) of elements of G 
(iii) an n-tuple 2 = (zr ,..., zn) of elements of G’ such that o(zJ < 
min (o(af),pr), 1 < i < 71. 
2. Given K 3_ G and x E K we say x solves B provided [ai , X] = zi , 1 < i < n, 
and o(x) = p’. 
It is easy to see that not all c.p.‘s admit solution, and that an additional 
condition on the ai’s is, in general, necessary. 
DEFINITION. A c.p. B = {a; z; r} is basic if a, ,..., a, is basic mod G’. 
The following observation is relevant in dealing with 2-groups of bounded 
exponent. 
LEMMA 2.2. If G has exponent 2 r+l, then G/Z and G’ both have exponent at 
most 2r. 
Proof. Let g, h E G. Then [ga’, h] = [g, h]‘f, so that it suffices to show that 
[g, h]s’ = 1. For any n, (gh)” = g”h”[g, h] (n+-1)/2) (for any nilpotent class 2 
group). Thus for n = 2’+l we get 
1 = (gh)2r+1 = gZ’+‘h2r+‘[g, h]2*(2r-1) = [g, h]2’(2’-1). 
Since o([g, h]) is prime to 2* - 1, we get 1 = [g, h12’. 
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THEOREM 2.3. Let G be a p-group and let B = {a; z; r} be a basic c.p. over G. 
(I) There exists a p-group K 3 G such that K contains a solution for 9. 
(2) If G is the p-part of a periodic M E 8, , whtie p’ divides m, then 9 has a 
solution in G. 
Proof. For (l), let q be the automorphism of G given by Lemma 2.1(2), and 
observe that o(p) < pT. Let x be a cycle of order p+. Then x -+ 9-l determines 
a homomorphism from (x} into the group of automorphisms of G. Let K = 
G x (x}, the semidirect product of G and (x) with respect to this action: i.e., 
the underlying set of K is G x (x) and the operation is given by 
(gl , xi,) . (gz ) x’“) = (xPi”(gl) . g, ) xi,+y. 
Then we may regard G C K, x E K in the obvious way, and note that x-‘gx = 
p)(g) for ail g E G. Thus [g, X] = g-$(g), and so [ai , x] = a;‘q(aJ = a;‘a,z, = 
,zi , 1 < i < n, as desired. That K /== T is immediate from the fact that K’ = G’ 
and that [z, x] = 1 for all z E G’. This proves (1). We note also that exp (K) is 
the maximum of exp (G) and pr. 
For (2), let G _C ME cZ~ with pr 1 m, M periodic, and choose K as above; 
then K /= Tm and K is a p-group. Write M = G x n, prime,q+n M, , where 
M, is the q-part of M. Then M _C K x n*+, M, = N and N /= Tnl, since 
y/m. Now 
N /= 3x xp7 = 1 /, x~r-’ f 1 * ;i [ai , x] = q = t?(a, 2). 
i=l 
Therefore M E &, implies M j= B(a, z), and this gives the required solution in G. 
Rema@. The assumption that M is periodic is not necessary for 2.3(2), as 
will follow from later results (or as could be proved directly). 
We need one further observation for our results on centers. 
LEMMA 2.4. Let Fz be the free dpotent class 2 group on two generators, a and p, 
and Zet y = [a, @. 
(1) F, = {czilgjyx 1 i, j, k E Z], and &Vyk = &‘8j’y”’ if and only if i = i’, 
j=j’,andk=K’. 
(2) Given r > 0 let N = ((&*)i(~~‘)j(y~‘)k 1 i, j, k EZ). Then N is normal 
in F, , o(tiiV) = o@V) = o(yN) = p’, and if p # 2, Fz/N /= Tfl’ or if p = 2, 
FJN k T=‘+=. 
Proof. This is a straight-forward exercise, using commutator facts of the 
form “xiyj = [x, y]djyjXi”. 
LEMMA 2.5. Let G + Tm and Zet z E Z(G). 
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(1) If o(z) = co then for each k > 1, there is H> G, H + T”, with 
u, v E H such that [u, v]” = z. 
(2) Ifo(z) = n < CO, k 3 1, and kn ) m for kn odd and 2kn j m for kn even, 
then there is H 1 G, H /== Tm, with u, v E H such that o(u) = o(v) = kn and 
[u, v]” = 2. 
Proof. We proceed in each case by amalgamating over a central element, as 
in 1.2: 
For (l), amalgamate G and F, = (or, /3) over [01, /3]” = z, where F, is the free 
nilpotent class 2 group on two generators. The resulting group H will do, with 
a = u, p = v. 
For (2) let p, ,..., p, be the primes which divide kn, and write k = n:=,pii, 
n = &p;i, z = ni=, zi , where o(q) = p;i. By 2.4(2), there exist Hi = 
(ui , vi> with o(q) = o(vi) = o([ui , vi]) = p;“+jg and Hi + T” by our assump- 
tions on k. Form K = ni=, Hi and let u = I-II=, ui , v = nlzl V$ in K. 
Observe that O(U) = o(v) = kn and o([u, v]“) = n, and amalgamate G and K 
over [u, v]” = z to obtain the desired H. 
Note that in the previous lemma, if we start with G periodic, then each of the 
extensions may also be chosen to be periodic. 
THEOREM 2.6. Let ME 6, . Then Z(M) = M’ = the set of commutatorsof M. 
Furthermore, M’ is divisible, and any element of M’ of finite order n is a commutator 
of two elements of M, each of order n. 
Proof. Immediate by Lemma 2.5. 
THEOREM 2.7. Let G be thep-part of M E &‘,, Mperiodic, and let exp(G) = p’. 
If ps > 2, then G’ = Z(G) = th e set of commutators in G. Further, G’ is a direct 
sum of in$nitely many copies of Z( p”), ifp # 2 or s = co or of 2(2”-l), if p = 2 
ands<co. 
Remark. If pn = 2, then G is abelian, and is a direct sum of infinitely many 
cyclic groups of order 2. 
Proof. Let z E 2 = Z(G) and let o(z) = p’. The key fact following from M 
periodic is that z is also in the center of M, and so 2.5 applies. 
Case 1 (p # 2 or r < s). By 2.5(2), there exists K I M, K + Tm such that 
K p 3u 3v(z = [u, v] A up’ = VP’ = 1). Since ME 8, , such elements already 
exist in G, so a E G’. 
Case 2 (p = 2, r = s). Note that ps > 2 implies r # 1. Suppose z $ G’. 
Then by Case 1 applied to a2 we know that z2 is a commutator, hence a* has order 
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2 in G/G’. Also, z* has zero height, for if wsg’ = z for some g’ E G’, then by 
Lemma 2.2, ,$‘-’ = (w37’)2’-’ = ~f(g’)f-~ = 1, a contradiction. Thus (z*) is a 
pure subgroup of bounded exponent in G/G’, so there is H C G/G’ such that 
G/G’ = (z*) 0 H. N ow let z,, E G’ with o(za) = 2, and let 5 = {z; za; 2). 
This @ is a basic c.p. over G, hence by Theorem 2.3, B has a solution x in G. 
But [z, zc] = z,, # 1 contradicts z E 2. Thus z E G’, o(z) = 2”, while exp(G’) = 
2s-1 by 2.2, showing that Case 2 cannot occur. 
To see the claim concerning the structure of G’, we need only show: if z E G 
with O(Z) = pr, r < s (or Y + 1 < s, in case p = 2) that there exists w E G’, 
wp = a-i.e., that G’ is as divisible as possible. This is again immediate by 
2.5(2), since ME &m . 
COROLLARY 2.8. Let G be the p-group of M E 8, , M periodic. If a, ,..., a, is 
basic mod G’ and if b E G, then there exist a,+l ,..., a, E G such that a, ,..., a, is 
basic and b E (G’, a, ,..., al). 
Furthermore, if G is countable, then G/G’ is a direct sum of cyclic groups. 
Proof. We show first that all nontrivial elements of G/G’ have finite height. 
In case exp(G) = 2, G’ = 1 and every nontrivial element of G/G’ has height 0. 
If exp(G) > 2, then 2 = G’ by 2.7. Let g E G - G’. Then g 6 Z, so there 
exists h E G with [g, h] # 1. Let o(h) = pk. If the height of gG’ in G/G’ were 
as large as K, then we would have g = g$gi for someg, E G andg, E G’. But then 
[g, h] = [gl>i , h] = [go”“, h] = [g, , h@] = 1, a contradiction. Thus gG’ has 
finite height, as required. Also, (af ,..., at) is a finite pure subgroup of the 
abelian p-group G/G’. Thus for any b* E G/G’ there is a C, finite pure in G/G’, 
such that (a?,..., af , b*) C C (see Kaplansky [3]). Now we need only choose 
a n+l ,..., a, such that 
C = @ (a:). 
i=l 
For countable G, we may iterate this procedure to exhaust G, proving the final 
claim. 
3. SOLVING COMMUTATOR PROBLEMS 
In this section we show that basic c.p.‘s have basic solutions in periodic 
elements of 8, . This, together with Theorem 2.7 and Corollary 2.8, enables us 
to build isomorphisms between countable periodic e.c. groups of the same 
exponent. We also give axioms for 6, in case m < co, and an Lwl, axiom for Sa . 
A number of our results hold equally well for non-periodic e.c. groups. This 
is immediate once we express these results by V3 sentences, since T has the joint 
embedding property and thus all e.c. models of T are El-equivalent. 
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DEFINITION. Let a, ,..., a, , b, ,..., b, E G, G a p-group. The elements 
b 1 ,.a., b, are witnessesfor a, ,..., a, provided there exist positive integers yl ,..., Y, 
such that o([ai , bJ) = o(bJ = p’i, urVi E G’, i = l,..., n, and [ai , bj] = 1 for 
1 <i#j<n. 
LEMMA 3.1. Let G be a p-group and let a, ,..., u, , b, ,.,., b, E G such that the 
hi’s are witnesses for a, ,. . . , a, with corresponding rl ,..., Y, . Then a, ,..., a, is basic 
in G, and o(u:) = ~~8, i = l,..., n. 
Proof. Let a, b be given. To see that a, ,..., a, is independent mod G’, let 
0 = l-I,<ji<,~~ 4’1 ‘  where not all thej, are O-say jr # 0. Then [a, b,] = [u$, b] = 
[a, , b# f 1, since ~([a, , b,]) = prl > j, . This shows a $ G’. 
For purity of (a,*,..., a*,) in G/G’, again consider a = n,,~~.~.~~ a:( with some 
ji # 0, and let k be greatest such that pk 1 ji , i = l,..., n. Again WLOG assume 
pk+l 7 jl . Then a = (n a$/@)p”g for some g’ E G’, so a* has height >K in 
<a:,..., ut). If a = h@lg’sfor some h E G and g; E G’ then [a, b,] = [a$, b,] = 
[a, , b,]il, an element of order pr~-~, since pk ( jt , pk+l 7 j, . Thus 
1 f [a, b,] P’+-* = [@‘“+g; , bl]t”l-h-’ = [h, b,p”] = 1, 
a contradiction. This shows a* has height k both in (a?,..., a*,) and in G/G, 
proving that a, ,..., a, is basic. 
Notice that once a, ,..., a, has witnesses, it will remain basic in any extension, 
and the orders of the at’s are forever fixed. 
LEMMA 3.2. Let a, ,..., a, be basic in G, where G is the p-part of a periodic 
ME gm , and let .Y = {a; z; Y} be a basic c.p. over G, wherepr < exp(G/G’). Then 
there exists a,,, , b, ,..., b,,, E G such that unfl solves 9, o(u~+~) = p’, and 
b I >..*, b,_, are witnesses for a, ,..., a,,, . 
Proof. Given G and 9, we take H = G x (u,+i> as in 2.3, with an+, solving 
9. Observe that H’ = G’ and H/H’ = G/G’ @ (a~,,), where o(at+i) = p’. 
Thus a, ,..., unfl is basic in H. To obtain the required witnesses we repeat the 
above semidirect product construction successively for the c.p.‘s Bj = 
{al ,.,., a,,,; l,..., 1, wi , l,..., 1; p’~}, where o(uj*) = p’z = o(wj), wj E G’, 
j = I,..., n + 1. Notice that the wI’s exist by 2.2 and 2.7; that a, ,..., a,,, 
remains basic throughout the construction; and the o(uj*)‘s stay the same as they 
were since the commutator subgroup does not change. Thus we obtain an exten- 
sion of G, hence of M, containing the desired solution and witnesses, and the 
lemma follows. 
The following is needed to handle 2-groups of bounded exponent, where the 
center of an e.c. group is not pure in the whole group. 
LEMMA 3.3. Let G be the p-part of a periodic ME &, . Then for any 
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g, ,...,g, E G and any z E G’ and r > 0 such that o(z) *p’ < exp(G), the 
existsc~Gsuchthat[g,,c]=1,i=l,...,s,andc*~=z. 
PYOO~. This is immediate from 2.7 unless exp(G) = 2k, K < co, and 
o(s) = 2k-r, since in all other cases we can choose c E G’ such that cd = z. 
For the remaining case, let (w) be a cycle of order 2” and amalgamate M and 
(w> over war = x to obtain an extension K Z? M, K + Tm, such that K + 
~w(AL[gt ,WI = 1 A ws’ = z). The result follows. 
THEOREM 3.4. Let G be the p-part of ME 8,) M periodic. Let x E G’, 
o(z) = p” and let Y be such that pr < exp(G/G”), pr+k < exp(G). Then given 
B = {a; z; Y} a basic c.p. over G, there exists a,,+l E G which solves {a; z; Y + k}, 
such that a:;, = z, o(u$+J = p’, and a, ,..., antI is basic. 
Proof. By Lemma 3.2, we can find a,,, , b, ,..., b,,, E G such that u,+i solves 
8, o(a,+,) = o(az+:,l) = pr, and b, ,..., b,,, are witnesses for a, ,..., anfl . By 3.3, 
let CEG be such that cp=x and [ai,c]=[b,,c]=l, i=l,..., nfl. 
Replacing a,,, by a,++ we get the required solution, with the same witnesses 
as before. 
THEOREM 3.5. Let M, NE 8, , M and N both countable and periodic. Then 
M and N are isomorphic. 
Proof. Since M and N are periodic, it will suffice to show, for each primep, 
that G M H, where G, H are the p-parts of M, N respectively. By 2.7 we know 
that G’ and H’ are isomorphic. Let IJ+,: G’ -+ H’ be any isomorphism, and let 
G \ G’ = {c~}&, H \ H’ = {di}isw. We build an isomorphism v from G to H 
so that ‘at stage k we have chosen a, ,..., a,* E G, b, ,..., bnti E H satisfying 
(9 al ,-., an, is basic mod G’; b, ,,.., b, is basic mod H 
(ii) A, = (G’, a, ,..., u,~) w (H’, b, ,..., b,,) = B, under the map q 
determinedbyp,~G’=~,,,~(~~)=b~,i= l,...,nkand 
(iii) For k = 2j + 1, cj E A,; for k = 2j, dj E B, . 
That v exists follows from Theorem 3.4, using Corollary 2.8 to guarantee 
(iii)-and, in so doing, to choose the ai’s or bi’s. We give the details for stage k 
when k is odd: 
Given al , . . . . ankml , bl , . . . . bnk., satisfying (i)-(iii), consider c = c&-i)/2 next. 
If c E (G’, a, ,..., al-1 ) = A,-, , then let lzgP1 = ?.zk and proceed to stage k + 1. 
If c 4 A,-, , then by 2.8 we find basic a,~_,+l ,..., a,,, E G such that 
c E (G’, a, ,...) a,,) = Ak . Now find b,k-I+, ,..., bnr in turn, by 3.4-in each 
case getting b%k-,+i = b to satisfy 
h s 4 = vdai , ankmI+d, 1 <i<n,-,+j-1 (1) 
bp’ = CP&~;~~+J, where o(azk_,+i) = p’ (2) 
o(b*) = p’ (3) 
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and 
h 7. a. 9 bnkml+j is basic mod H’. (4) 
For such a choice of bnk-,+i , j = l,..., nk - nkVl , it is not difficult to verify 
that q extends via ~p(u~,-,+~) = b,k-,+j to an isomorphism of A, onto B, . 
COROLLARY 3.6. Let G be the p-part of a countable periodic ME ~7, . If 
al ,..., a, and b, ,..., b, are each basic, and (G’, a) m (G’, b) undtv the map q~ 
satisfying v r G’ = id,’ , cp(aJ = b, , i = l,..., n, then v extends to an auto- 
morphism of G. 
Proof. This is immediate from the proof of 3.5. 
COROLLARY 3.7. For each m < co there is exactly one countable member of 9, . 
Proof. For m < co this is immediate from 3.5. For m = co it follows from 
3.5 and 1.1. 
THEOREM 3.8. M E F- if and only if M E b, and M is periodic. 
Proof. (+) We observe that if ME 6, , M periodic, then by Theorem 3.5, 
any countable elementary substructure of M is isomorphic to the countable 
member of ga , hence is in 9% . This gives ME SW as well, by the definition of 
finitely generic. 
(*). This is 1.1 together with the general fact that Pa C 6, . 
THEOREM 3.9. For 2 <m < co, T” has an Ho-categorical model companion, Fm. 
Proof. We list three groups of axioms from which we obtain the various pm’s. 
In the case of T2, or more generally T an for odd n, the 2-part of any model is 
abelian and requires different treatment; for the axioms below, whenever we 
write pk we assume k > 0 and pk > 2. 
Group I says “the center is the set of commutators, and is as divisible as 
possible”: 
Let q+ = Vx 3y 324 30(xPk = 1 h [x, y] = 1 -+ up” = 1 A VP’ = 1 h x = [u, v]). 
Forp # 2: 
I@ = {q,&$} u (Vx vy 3zJ %([x, y]““-’ = 1 -+ upk = 7Pk = 1 A [u, v]” = [x, y])}. 
Forp = 2 (hence k > 1): 
12k = {P)z~} U {VX’Jy 3ZJ 3V([X,y]2L-2 = 1 -+ U2” = V2' = 1 A [U,V12 = [X,y])} 
X, VU VU 3W i; Xfb = 1 A U+ = V2’ = 1 --+ w2 = [u, v] 
i=l 
i=l 
I,= ,@. 
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Group II says “the center is big”: 
and 
Group III says “basic c.p.‘s have basic solutions”. Unfortunately, the formula- 
tion is far from perspicuous-saying “x1 ,..., x, is basic” is the trouble-what 
matters for us is that the sentences in question are El, and that they work. 
Givenn,p,.h ,...,jrafl, k, let mi = min(ji , jn+i} and define On,e,jl,...,,+l,, to be: 
VXl *** X,Ul ‘.. f&+1211 *** vm+lwl .*. W&1 ... %tl --* t, 3Y, w, x, %+1Y1 ... yn+1 
I &XT2 = Wf = 
n+1 
zFX = tpk = 1) A // (u$ = vFk = 1) 
i=l 
A /\ 3 
kl . . . x; # yqw, z] A i; xp = [Ui , Vi] 
1 <i"y& ji id 
n 
O<k&d 
z+ki forsome i 
A ;i [xfA-l ) ti] # 1 A ;i [Wi ) Zi]Prn” = 1 
i=l i=l 
A [u,+l , v,+l]pk-~~+~ = 1) + (xc;’ = [Un+r ) v,,,] 
A i ([Xi , x,+l] = [Wi , Xi]) A y&p = 1 
id i=l 
la+1 
A /\ [Xi ) yp+’ # 1 A ,,i,?,,+I[“i p Yjl = l * 
i=l . . 11 
Then we take 
p # 2: III# = {Bn,p,j,k 1 n > 0, ji < k, i = I,..., n + l} 
p = 2: II& = {B,,,,j,k 1 ?I > 0, ji < k - I, i = l,..., 11 + 1) 
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Now given m > 1, we write m = n;‘=, p:i, where the pi are distinct primes and 
ki > 1, and let 
pm ---- (j Ipti u i, Zi+ v (j IIIp~, u Tnl. 
i=l i=l i-1 ’ 
To see that Trn is the desired model companion, we observe (1) all members of 
8, satisfy Tm, by our previous results, and (2) the axioms provide all the ingre- 
dients for a back and forth proof (as in 3.5) that any two countable models of pm 
are isomorphic. 
Remark 3.10. We can now axiomatize Fa by a single sentence a of L,, . 
We take for 0 the conjunction of T and “every element has finite order” and the 
following three groups: 
I: “The center is the set of commutators, and is divisible.” 
II: “For every prime p, there are infinitely many commutators of orderp.’ 
III: “Basic c.p.‘s have basic solutions”-the union of all the III,r’s as above. 
Any ME sZ is periodic, by 1.1, and it then follows from the results of this 
paper that M satisfies I, II and III. Conversely, if G + u then so does every 
countable elementary substructure H of G, so by Theorem 3.5, every such H is 
in 9Yr , hence G E .FE . 
THEOREM 3.11. (2 < m < co). pn’ is unstable in all infinite cardinalities, 
hence has 2” non-isomorphic models of power K for all K > &, . 
Proof. Let K be an infinite cardinal, and let {c,},<, u {dr}rCx be distinct new 
constants. Let 
S =r u {[dy , cy] = I} u u {[d,, cv] # I}. 
YCK Y&C 
YEY UtY 
By compactness, S is consistent with Fm, and so S is realized in some model G of 
Frn with card(G) = 2”. Let {gy}V<x , {hr}rCK be the interpretations of {c,}, {dr}, 
;pe$vely, in G, and let G,, < G such that (gV}V<K C G,, , card(G,J = K. Then 
Of- “‘, and the hr’s realize 2~ distinct types in G over Go. This proves 
instability in power K, which implies that there are 2% models of power K for 
K > x0 by a result of Shelah [8]. 
4. EXISTENTIALI,Y COMPLETE MODELS OF T 
We have observed that the class $m of finitely generic models of T can be 
axiomatized by a sentence of L,,, . It follows by [8] that if we wish to establish 
the analogue of Theorem 3.11 for T, it suffices to show that for any K > K~, 
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there is MESS which realizes more than K quantifier-free types over some subset 
of cardinality K. We have already seen that there is a periodic model of T satis- 
fying this condition, so it will suffice to prove 
THEOREM 4.1. Any periodic model of T can be extended to a Jinitely generic 
model. 
Proof. We make two observations, preparatory to calling on the axioms I-III 
in Remark 3.10. 
First, if G is a periodic model of T then there is a periodic extension of G 
which satisfies axioms 1. In fact, Lemma 2.5 shows that there is a periodic 
extension G, of G such that, for every n > 1, every element of Z(G) is the 
nth power of a commutator in G, . If we form a chain G Z G, C G, C G, C . . . . 
where Gi+i is obtained from G, as Gi was obtained from G, then the union of the 
chain is a periodic extension of G satisfying I. 
Second, if G is a periodic model of T, then there is a periodic extension of G 
which satisfies axioms III. To see this, let H be any e.c. model of T extending G, 
and let Ht,,, be the torsion subgroup of H. Then G Z Hto, , and we claim that 
Hto, satisfies axioms III, hence is the extension we seek. 
To verify the claim, recall that all the axioms f3 in III are El. Since they all hold 
in the countable member of 9m , they all hold in every member of 8, , and in 
particular they all hold in H. Consider some On,p,j,...,jn+l,k. Since H + 8, 
showing that Htop k 0 amounts to showing that if x1 ,..., x, E Hto, , y, w, z E H, 
and 
k, . . . 
3 la xk- = yqw, z] 
where pj, Ki are as in the definition of e), then there are y0 , ws , z,, E HtO, such 
that ~3 *.. x3 = y$[w,, , z,,]. Now given y, w, z as above, Theorem 2.7 shows 
that there are a, b E H such that [a, b] Pi = [w, z]. If we set y,, = y[a, b], then 
kl . . . 
Xl 
xk, - P' 
n -Ycl ' 
and since xi ,..., x,, E Ht,,, , y,, E Ht,, . Taking w,, = z0 = 1, we have proved that 
f&x i= 0. 
Now to prove the theorem, let G be any periodic model of T. Let G, be a 
periodic extension of G satisfying axioms II, and form a chain G C G, _C Gr C 
G, C G3 C . . . . where for each n 3 1, G, is obtained from G,-, by applying either 
the first or the second observation above, according as n is odd or even. The 
union of the chain satisfies axioms I-III, since, for example, axioms I and III 
are expressed by Q3 sentences. Thus the union is a finitely generic extension of G. 
The remarks preceding the statement of the theorem show that we have 
COROLLARY 4.2. If K > N,,, there are 2K pairwise monisomorphic finitely 
generic models of T of cardinality K. 
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Another consequence is 
COROLLARY 4.3. The countable member of Fm embeds every countable periodic 
model of T. 
Theorem 4.1 would be immediate if it were true that the torsion subgroup of 
an e.c. model of T had to be finitely generic. However, this is not the case. 
EXAMPLE 4.4. Let N be any model of T containing elements x and y such 
that O(X) = 2, x has a 2’-th root, for every Y > 1, and [x, y] # 1. Let G be any 
e.c. model of T extending N. Then the existence of the 2’-th roots for x implies 
that x commutes with every element of order 2’ in G, so x E Z(GtOr). However, 
x 4 Z(G), because of the presence of y, so Gtor is not e.c. 
Notice that Gt, violates axioms I for ga, since x E Z(Gtor), but x cannot be a 
commutator. 
THEOREM 4.5. Let G E 8. The following are equivalent: 
(i) Gtor is finitely generic. 
(ii) every element of Z(GtO,) is a commutator in Gtor . 
(iii) Z(GtOr) C Z(G). 
Proof. 
(i) 3 (ii): Theorem 2.7. 
(ii) * (iii): Clear. 
(iii) 3 (i): We check that axiom u for 9- holds in Gtor : 
Clearly, Gtor is a periodic model of T and satisfies II. Since Z(Gt,) C Z(G), 
Theorem 2.7 shows that I holds. Finally, we saw in the proof of Theorem 4.1 
that G satisfies each axiom 19 in III. 
The structure of arbitrary (even arbitrary countable) e.c. models of T is still 
unclear to us. We conclude this section by giving an example which shows that 
the isomorphism type of a countable e.c. model of T is not, in general, deter- 
mined by the isomorphism type of its center. Specifically, we construct a non- 
periodic e.c. model with the same center as the finitely generic model. 
EXAMPLE 4.6. Augment the language L of group theory by constants 
4 ~1 , ~2 > ~3 >..., and choose integers m, , m2, m3 ,... all > 2, such that the 
theory T* = T U {o([bn, c,]) = m, : 7a = 1, 2, 3 ,... } is consistent. Clearly the 
L-reduct of any model of T* is a nonperiodic model of T, and the L-reduct of an 
e.c. model of T* is an e.c. model of T. We will construct the group we seek as a 
finitely generic model of T* with periodic center. 
It will suffice to show that if p is a forcing condition relative to T*, then there 
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is an extension q ofp such that for every commutator word C in p, q contains the 
equation Cj = 1, for some integer j. We can assume p has the form 
p = {W, = l,..., w, = 1, WV,, f I,..., wr+s # l} 
for some words Wi involving forcing constants. 
Suppose p is realized in a model G* of T”. By extending G* if necessary, we 
can assume that Z(G*) is divisible, and therefore that Z(G*) = Z(G*)tor @ H 
for some H. Let a, + b, ,..., uK + b, E Z(G*) be the values of the commutator 
words ofp in G*. We wish to find a subgroup of H which contains a power of each 
bi and omits the value of each Wrii; the quotient of G* by this subgroup will be 
a model of T* which provides us with the desired extension q of p. 
If 201 ,...) wr are the values of those W7+$‘s whose values lie in H, we seek a 
subgroup of H which contains a power of each b, and omits wr ,..., wr . Let 
H,, = (b, ,..., b, , w, ,..., wr). Since H,, is a finitely generated abelian group, 
there is a subgroup HI of finite index in H,, which omits wr ,..., wr . HI is the 
desired subgroup. 
5. EXPLICIT PRESENTATIONS OF PERIODIC GROUPS IN 6, 
DEFINITION. Let G be a countable p-group and let A = {a%},,, C G. A is a 
My basis for G provided 
(1) G/G’ = @,,, (a*) (“A is a basis for G”) 
(2) For each n E w there is a unique j < n such that [a, , UJ # 1. 
(3) Given 9 = {a; z; r + K} a basic c.p., where a = a, ,..., a,, x = 
zr ,..., x, with exactly one zi # 1 and withp7 < exp(G/G’) andpr+” < exp(G), 
and given z E G’, o(z) = pk, there are infinitely many m’s such that unz solves 8, 
u$ = z, and o(u$J = p’. 
LEMMA 5.1. Let 2 < m < co and let pk 1 m, pk > 2. Then the p-part of the 
countable member of 9, has a tidy basis. 
Proof. Observe that, given a, ,..., a, , b basic, with a, ,..., a, satisfying (2) 
above, that there exist unfl ,..., uAfs such that 
(9 01 >***9 %+s is basic and satisfies (2) 
(ii) b = a,,, ... a,,, . 
For this, s is the number of uj’s such that [uj , b] # 1, 1 < j < 7t. Let jr ,..., js 
list such j’s and choose a,,, by 3.4 such that a, ,..., a,,, is basic, u$ = bp’ 
(where o(b*) = p’), [a,,, , q,] = [b, q,l, and [a,,, , 4 = 1, j f jl , 1 d j < 71. 
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If s > 1 then for each i > 1 we choose u,+~ inductively such that a, ,..., u,+~ 
is basic. and 
O(U,+i) = o(u:+i, = P’, [%a+, , %<I = [h %J, 
[%+i 9 4 = 1 for j#ji, 1 <n+i- 1. 
Then (G’, a, , . . . , a,, b) w (G’, a, , . . ., a,, a,,, . . . u,,+~), a, , . . . , a,, a,,, . ’ . an+s 
is basic, and so by Corollary 3.6 we can assume that a,,, ,..., a,+, were in fact 
chosen such that b = a,,, ... u,,+~. By alternating this procedure and that of 
solving B’s as in (3) we exhaust G via a tidy basis. 
LEMMA 5.2. Let F and G be p-groups such that {fn}nEw and {g,,},,, are tidy 
bases for F and G, respectively, and such that F and G have equal exponent and 
isomorphic centers. Then fm any isomorphism yO: F’ w G’ there is a permutation r 
of w such that the map vO: F’ w G’ determined by ‘p r F’ = Q,, , v( fn) = g,,(,,) , 
II E W, is an isomorphism. 
Proof. Observe that, for any j < n and 0 < i < n - j, if [fn , fi] # 1 then 
fi t***,f,***3fj+z ,f* ,fi+i+l ,.*.vfn--l ,fn+l v.** is also tidy. By rearranging in this 
manner we can always get suitable images for the fi’s among the gi’s and vice 
versa, producing a back and forth construction of r (and thus p). 
Now we give an explicit presentation of the countable finitely generics of given 
exponent m. To do this it suffices to give the p-parts for each p dividing m. 
(If m = 2s, s odd, we take countably many copies of Z(2) and we’re done, so we 
ignore this case in the sequel.) 
Let 2 = GiEW Zi , where Zi w Z( pr) for some fixed r < co. 
List the elements of 2 = (ztj 1 i, j E w> u (zoo ) z, = I), so that for each i, 
{.+ 1 j E w} lists all elements of 2 of order pi (if r < OC, then these lists are 
empty beyond some point). We obtain G = (an)nsw as follows: Write 
n = 2’13’zj’s7+‘41 l%n,, , where n,, is prime to 2, 3, 5, 7, and 11. The requirements 
for a, are; 
7 +1 if ri + r2 < r (1) azl 1 ;“a 
otherwise 
(2) (n > 1) h , a,,+,1 = xT6+1 , 
where we write r, + 1 = 2”lk, k odd, and take 2 = min{r, + 1, sr + I}. 
(3) [a, > 4 = 1 for j<n, j#r4+l. 
Then it follows that G’ = 2, and {u,},~, is a tidy basis for G. Thus by the 
previous lemma, G is thep-part of a countable finite generic of suitable exponent. 
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6. ALGEBRAICALLY CLOSED MODELS 
A model JZ of a theory is algebraically closed (ac.) provided every positive 
existential formula defined over JZ and satisfied in some model extension of .M 
must hold in & also; for groups this means that finite systems of equations have 
solutions whenever possible. Clearly e.c. implies a.c., but we shall see that there 
are additional a.c. models for each of the theories T”, m < CO. 
A check of the axioms for 8,,, in Section 3 reveals that those of types I (“center 
is nice”) and III (“basic c.p.‘s have solutions”) must hold in any a.c. model of 
Tm. One detail may be worthy of mention: in Bn,n,,,k we replace [xi , Y~]P’~-~ + 1 
by [xi, yi] I- a2i for some ai of order pji in the commutator group at hand. The 
axioms in group II (“big center”) do require negations, and we show these 
need not hold in a.c. models of T”. The techniques already employed in this 
paper show that II is not implied by the others: starting with a fixed number of 
copies of Z(pk) as center, we can build an extension satisfying I,+ and 1rl,, 
without enlarging the center. 
DEFINITION (notation as in Section 3). 
(1) m < CO: let m = ni_, pfi. Then ol, is defined to be the class of 
all models of 
T”’ u fi Ip4, v rj II+, . 
i-l ’ i=l 
I 
(2) m = 00. cI1, is the class of all models of 
T v {“every element has finite order”) v fi “IpI . 
k=l 
P prime 
Note that for m < 03, U&,, is an elementary class, while at, is axiomatizable by a 
sentence ofLU1, . 
LEMMA 6.1. Let A E & , A C F, where F is the countablefinitely generic model 
of Tm. Then A is algebraically closed in F. 
Proof. We show that for any a, ,..., a, E A there is a homomorphism 
f: F -+ A such that f(aJ = a, , 1 < i < n. (Herefdepends on the ai’s.) This will 
imply A a.c. in F. 
As usual, it suffices to deal with the p-parts of A and F, which we denote by 
A,, and F, , respectively. Given a, ,..., a, E A, we may assume that a, ,..., a,, 
are basic, since any finite subset of A, is contained in a subgroup generated by a 
finite basic set. We know also that aI ,..., a, has witnesses, since all basic c.p.‘s 
have solutions in A, . Thus a, ,..., a, is basic in F,, as well. Now Aa is a summand 
of Fa , say A’, @ C = FL . (For m = co this is true because A; is divisible; for 
finite m because A’, is pure of bounded exponent in Fi .) Let a E Fb , z = a + c 
where aE Aa, c E C, and definef(z) = a; this maps FL onto Aj . 
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Since a1 ,..., a, is basic in F, we have that it extends to a basis (a,>,,, for 
F,IF:, . 
To extend f to all of F, it will suffice to define f on the ak’s, which we do 
inductively: 
(1) For K < n, letf(a,) = a,. 
(2) Given f (a,),..., f (a,) basic in A, , K 3 n, we choose f (++i) to be a basic 
solution to the c.p. given by 
and 
[f (ai)> 4 =f @i 3 ak+ll) 
o(f (%+A*) = o(4+1) 
such that f (ak+#’ = f (a&), where o(a~+J = pi. 
The existence of such an f (a,,,) in A follows from the axioms for OZ,,, (as in 
3.4). 
At each stage the resulting map is a homomorphism of (Fi , a, ,..., u~+~) onto 
(A~,f(a,),...,f(a,+,)). Th us we have the required homomorphism of F, into A,. 
THEOREM 6.2. fl, is the class of periodic ax. models of T”. 
Proof. That O?,,, contains all such models was already observed in the selection 
of axioms for O& . Thus we let A E GZ, , and we must show A is a.c. Without loss 
of generality we assume A is countable, hence by 4.3 we may regard A as a 
substructure of F, the countable finitely generic model of T”. By 6.1, A is a.c. in 
F. It therefore suffices to show that 
for any G E &, such that A C G and any a, ,..., a,, E A there is 
an embedding 0 of F into G such that O(ui) = ai , 1 < i < n. (*I 
For, given (*), we have-given any positive quantifier-free p(a, x)-if 
G k %G, x), then V? I== %a, 4, since B(F) E 8, and O(u,) = a, . But now 
B(A) + 3xp(a, x), since B(A) is a.c. in B(F), and so A j= 3xp(a, x), proving A a.c. 
in G. 
To show (*), we again consider p-parts, A, and F, and observe that Ga = 
Aa @ H, Fi = A; @ HO , as in 6.1, where G, is thep-part of the (not necessarily 
periodic) group G. Similarly, since G E 8, , H must contain a copy of H,, as 
summand, and we embed Fi in Gb via a map 6’ which is the identity on Aa . 
Now, assuming as in 6.1 that a, ,..., a,, is basic in A, (hence in G, and F,), we 
write F,/Fi = @&, (af) and extend 8 so that e(aJ = ai , 1 < i < 12, and so 
that O(a,) is a basic solution in G, to the appropriate c.p., as in 6.1, using the 
fact that G E 8, . This gives the required embedding of F, and (*) is proved. 
Remark 6.3. In case the reader’s thirst for No-categorical theories is 
unquenchable, we observe that for A E O&,, m < 00, the theory of A, Th(A), 
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is No-categorical and model complete, and consists of Th(cpI,), together with a 
description of the p-part of the center of A, for each p 1 m. For CT& we have a 
situation like that for Sm: given A E am , ?‘%(A) has only one countable periodic 
model, and again we get a description by saying how many elements of order p 
the center contains. 
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